We study linked loops of string in the presence of bosonic condensates and fermionic zero modes on the strings. We find that the strings necessarily carry a current if the bosons have an AharanovBohm interaction with the string. The fermionic case is analyzed in the context of the standard model where there are lepton and quark zero modes on Z−strings. Here we find that the fermionic ground state in the linked string background is lower than the ground state when the loops are unlinked but otherwise identical. As in the bosonic case, the Z−strings carry a non-vanishing electric current in the ground state. The baryon number of the linked configuration is found to agree with previous indirect results. We also evaluate the angular momentum, electromagnetic charge and baryonic three current on the linked Z−string configuration. Finally we point out a possible gravitational analogue of the linked string system.
Introduction
The study of particle-soliton interactions over the last 20 years has led to the discovery of novel physical phenomena (for a few such examples, see [1, 2, 3] ). Some of these phenomena have been successfully tested in condensed matter systems where solitons abound and the ideas have also been widely applied to hypothetical particle physics situations. These beautiful ideas are also relevant to the standard model of particle physics even though the model does not contain any topological defects. This is because the ideas have applicability even when the solitons are not truly topological and there are a number of such "non-topological" solitons present in the standard model. In this paper we shall apply some of these ideas to the electroweak Z−string -a flux tube containing magnetic flux of the Z boson [4, 5, 6] .
Several facets of the Z−string have been studied over the past few years and recently the attention has turned to their interactions with the particles in the standard model. Earnshaw and Perkins [7] have found the quark and lepton zero modes on a straight Z−string. This means that Z−strings are superconducting and can carry of order 10 8 Amperes of electric current. In another paper it was shown that linked loops of Z−string carry baryon number [8] . This result was derived by integrating out the anomaly equation for the baryonic current and did not explicitly consider the fermions interacting with the string. The moment seems ripe for a more direct computation of the baryon number and other charges on linked loops of Z−string. This is the underlying motivation for the present work.
The technical analysis given in this paper is inspired by earlier work in which the spectral flow in non-trivial backgrounds was studied. In particular, the paper by Manton on Schwinger electrodynamics in 1+1 dimensions [9] was immensely helpful as the situation there closely resembles the problem at hand.
The plan of the paper is as follows. In section 2, we set up our conventions, describe electroweak Z−strings and recapitulate known results on fermionic zero modes. In section 3 we describe two cases in which the Dirac equation for the fermionic zero modes can be solved completely in terms of the string profile functions. In both cases we need to assume the Bogomolnyi limit [10] in which the masses of the scalar and vector fields making up the string are equal. In the first of the two cases, the fermion is massless (such as the neutrino) while in the second case we have a "super- Bogomolnyi" limit in which the fermion mass is equal to the scalar and vector masses and the Z−charge on the left-handed fermion vanishes. Then, in section 4, we describe what happens to bosonic zero modes on linked strings as this is the simplest situation. The main results of this paper are found in section 5, where we discuss lepton and quark zero modes on linked loops of electroweak Z−string. Here we evaluate the energy, angular momentum and the electromagnetic and baryonic currents on the strings. One outcome of this evaluation is that the ground state energy of fermions on linked strings is lower than that on unlinked strings. We also confirm previous findings that linked loops of Z−string carry baryon number 2N F cos(2θ W ) where N F is the number of fermion families and θ W is the Weinberg angle. In addition, we show that the linked strings necessarily carry electromagnetic currents in their ground state. We extend our analysis to loops with linkage greater than one and plot the energy as a function of linkage. We conclude in section 6 and outline a gravitational situation that resembles the system of linked strings and which may have physics similar to that discussed in this paper.
Review
The bosonic sector of the standard model of the electroweak interactions describes an SU(2) × U(1) invariant theory with a scalar field Φ in the fundamental representation of SU(2). It is described by the Lagrangian:
B where,
where W a µν and Y µν are the field strengths for the SU(2) and U(1) gauge fields W a µ and Y µ respectively. Also,
where,
is a complex doublet. In addition, the fermionic sector Lagrangian is:
where, the lepton and quark sector Lagrangians for a single family are:
with
The indices L and R refer to left-and right-handed components.
In our analysis we will only be dealing with one fermion family at a time and hence we shall not be considering the effects of family mixing such as occurs due to the KM matrix. For our purpose, this simplification is justified because the string configuration has vanishing charged currents. It is known that in the neutral current sector the gauge and mass matrices can be diagonalized simultaneously [11] and hence there are no complications involving family mixing 2 . The covariant derivatives occuring in the electroweak Lagrangian are:
The conventions used here are those in Ref. [11] . We also need to define
where, n a is the unit vector
and,
For our purposes, only the Z gauge field is non-zero and all the other gauge fields can be set to zero. This effectively reduces the bosonic part of the Lagrangian to an Abelian-Higgs model.
There are two distinct string solutions to the bosonic sector of the model -the W and Z strings [12, 13] . Here we shall only consider the unit winding Z string for which the solution is:
with all other fields set to zero. The solution in eqn. (21) is given in cylindrical coordinates (r, θ, z) and the profile functions f and v satisfy:
Note that in writing eqn. (22) we are only considering the bosonic sector and have set the fermionic fields to zero. The total Z magnetic flux in a string can be evaluated directly from eqns. (21) and (24):
This means that any particle whose Z−charge is not an integer multiple of α/2 will have an Aharanov-Bohm interaction with the Z−string. In Ref. [8] , the baryon number on linked strings ( Fig. 1 ) was calculated by integrating out the anomalous baryonic current conservation equation:
where, N F is the number of families andW
up to the addition of an integer. This calculation is indirect because it makes no explicit reference to the fermions. In Sec. 5 we shall recover (27) directly by studying the fermionic zero modes on the string. The Dirac equations for a single family of leptons and quarks have been solved in the background of a straight Z string by Earnshaw and Perkins [7] . The representation for the γ matrices they use is: 3 We have included the factor of 2 error in Ref. [8] that is reported in the errata.
For the electron they find the zero mode solution 4 :
where, ψ 
where, ψ
where, q = −1 + (4/3)sin 2 θ W . Note that (31), (32) are related to (34), (35) by q → −q.
The neutrino zero modes can be found explicitly in terms of the string profile functions since the neutrino is massless and the right-hand sides of the neutrino Dirac equations (corresponding to eqns. (34) and (35)) vanish. This is done in the next section.
We are mainly interested in the situation where two loops of string are linked (Fig. 1) . To analyse this situation, we consider two circular loops of string of winding number n that are linked but the strings themselves are far from each other. The loops are taken to be very much larger than the thickness of the strings and we shall always be working to lowest order in the ratio w/a where w is the string thickness and a is the radius of the circular loops. In this approximation, we can ignore the curvature of the loop and consider the strings as being straight on scales much larger than w but much smaller than a. Then the effect of one loop on the other is to produce a winding Higgs field and a winding gauge field with zero field strength at the location of the second loop. We can write down the field configuration of the linked loops in terms of the Higgs and gauge fields for two large loops in this approximation. If (φ (1) , Z
(1)
µ ) are the fields for two isolated loops then the fields for the full configuration are given by the product ansatz:
If we set up a local coordinate frame on loop 1, with the z axis along the string, the fields in the vicinity of the string can be found by using (21):
Fermionic Zero Mode Solutions
In this section we give explicit solutions to the Dirac equations in (31) and (32) in two special cases. The first case is when the fermion is massless and the second case is when the fermion mass is equal to the scalar mass which is also equal to the vector mass. The first of these is relevant to neutrino zero modes. The second is not relevant to the electroweak case but may be of interest in other situations.
We start out by writing eqns. (31) and (32) in more compact form by defining:
Then,
(39) For arbitrary parameters, the integral occuring in (39) is not known. However, in the Bogomolnyi limit -when the Higgs mass (m H = √ 2λη) and the Z boson mass (m Z = αη/2) are equal -we can perform the integration. This is because, in this case, the equations for the string are equivalent to the following first order differential equations [10] :
Now eqn. (40) yields:
where we have included a factor of m Z to make the argument of the logarithm dimensionless. Therefore, when the fermion is massless (h = 0), the solutions are simply
where, c 1 and c 4 are independent constants that can be chosen to normalize the left-and right-handed fermion states and the spinors are given in (30). The boundary condition that the left-handed fermion wavefunction should vanish at infinity is only satisfied if q > 0. Hence (43) can only give a valid solution for q > 0 for the left-handed fermion. If we also require normalizability, we need q > 1. (Note that there is no singularity at r = 0 because f ∝ r when r ∼ 0.) If we have a left-handed fermion with q ≤ −1, the correct equations to use are the equations corresponding to the up quark equations given in (34) and (35) and these are solved by letting q → −q in (43). In this case, the spinors are given in (33). For the neutrino, the right-handed component is absent and q = −1. This means that the neutrino has the same spinor structure as the left-handed up quark and the solution is that in (43) with q replaced by +1. Therefore the wave function falls off as 1/r and the state is strictly not normalizable -the normalization integral diverges logarithmically. However, depending on the physical situation, one could be justified in imposing a cut-off. We shall be considering closed loops of string and the cutoff in our case is given by the radius of the loop.
Next, we consider the "super-Bogomolnyi" limit when the mass of the fermion (m f = hη/ √ 2) is also equal to the Higgs and Z boson masses. In this case, when the charge on the left-handed fermion vanishes (q = 0), by staring at the eqns. (39) with (42), (40) and (41) we guessed the solution to be:
where N is a dimensionless normalization factor. The solution for the up quark equations can be written down by using the transformation q → −q in the above solutions.
The solution in (44) and (45) can probably also be derived using supersymmetry arguments such as described by di Vecchia and Ferrara [15] but we are unaware of such a derivation in the literature.
The left-handed fermion wave-functions found above can be multiplied by a phase factor exp[i(E p t − pz) and the resulting wave-function will still solve the Dirac equations provided
where, i labels the fermions, and,
In other words, ν L and u travel parallel to the string flux while e and d travel anti-parallel to the string flux.
Bosonic Condensates on Linked Strings
Before proceeding to the fermionic case, let us consider the simpler case of bosonic superconductivity. If A and B are two loops of string linked to each other, then we shall see that there is a current induced in loop A provided that the bosonic condensate within its core has fractional charge with respect to the "magnetic" flux trapped in B.
The model we consider is the original Witten model [3] modified in order to allow for the Aharonov-Bohm-type interaction. We have two complex scalar fields Σ and Φ and two U(1) gauge fields A µ and
Here,
and:
where Λ andΛ are arbitary functions. The potential
is chosen so that the field Φ acquires a vacuum expectation value. Since the vacuum manifold is non-trivial, Φ will admit string-like solutions. The field A µ is then identified with electromagnetism, which is unbroken outside the string, and Σ plays the role of a charge carrier. Straight string solutions can be studied in cylindrical coordinates using the ansatz
where n is an integer (the winding number). The field equations then take the form
With σ = 0, these equations admit the usual Nielsen-Olesen vortex solutions [16] . The function φ(r) vanishes for r → 0 and it approaches its vacuum expectation value η exponentially fast for r > δ, where
is the thickness of the string core. The gauge field outside the core is given by
so that D µ Φ = 0 for r >> δ. Therefore the flux of the B µ field is quantized,
and this will be important later on. Although σ = 0 is always a solution, Witten [3] showed that there is a range of parameters for which this solution is unstable. For f η 2 > m 2 > 0 the effective mass squared for σ is negative in the region where φ = 0, so that a condensate σ = 0 typically forms in the core of the string. To introduce a current along the string we need to consider "low energy" excitations on top of the condensate, of the form
In the Lorentz gauge, the equation of motion for Σ splits into a real and an imaginary part
where
B µ and ∆ is the transverse Laplacian. The electromagnetic current on the string is given by
Note that the phase ψ obeys a massless wave equation in the longitudinal space, whose general solution is ψ = f (t+z)+g(t−z), with f and g arbitrary functions. However, if we are interested in exact solutions within a simple ansatz (see below), we have to restrict attention to one of the following special cases: ψ ∝ t, corresponding to a constant charge per unit length, ψ ∝ z, corresponding to a constant space-like current, or one of the forms ψ = f (t + z), ψ = g(t − z), corresponding to light-like currents of arbitrary profile propagating along the string [17] . More general forms for ψ will radiate and settle down to one of these special cases. For our problem, the relevant configuration will be the one with a space-like current, ψ ∝ z. The reason why linked loops must carry non-vanishing currents can be seen from Eq.(61). Neglecting, for the time being, the contribution of A µ , the circulation of J µ along one of the loops is proportional to
where we have used that the circulation of B µ along one loop is equal to the flux (58) trapped in the core of the other loop. Since Σ has to be single valued, ∆ψ must be a multiple of 2π . Therefore J µ cannot vanish unless q ′ /q is an integer. Let us now make a more quantitative estimate of the actual current induced on the loops. As mentioned in section 2, to lowest order in w/a, we can mimick the linkage by taking just one straight string along the z-axis with appropriate periodic boundary conditions. To this end, we generalize the ansatz (52), allowing for a twist in the Φ field (see (37)):
Identifying z = −πa with z = πa, this will represent a loop of radius a and winding number n which is being threaded by another string of winding number n, as in Fig. 1 .
In the presence of a z dependent phase in (59), it is necessary to introduce longitudinal components A z (r) and B z (r) for the gauge fields. Then, in addition to eqns. (55), (56) and (60) above, we have
As with the θ component, the condition that D z Φ vanishes outside the core of the string yields the asymptotic value B z = −2n/(aq). This represents the pure gauge winding around the 'other' string. The current flowing along the string will be given, from (61), by
Here K ≡ d 2 xσ 2 , where the integral is over the transverse section of the string, ψ = lz/a, where l is an integer, andĀ z ,B z are the gauge fields averaged over the cross section of the core with weight given by σ 2 . To lowest order in the gauge couplings,B z is given by its asymptotic value −2n/(aq), as indicated above. Following Witten [3] , in order to estimateĀ z we consider the formal solution of Eq. (63). For an idealized infinitely thin current we have
The logarithmic divergence in the right hand side of (65) can be regularized by considering a current of finite thickness m −1 σ . Then, along the strinḡ
where J is given by (64). EliminatingĀ z from both equations we have (to lowest order in gauge couplings)
And, neglecting unity in front of the logarithmic term,
Therefore, if nq ′ /q is not an integer, we reach the conclusion that there has to be at least a current of magnitude J ∼ (ae ln[m σ a]) −1 flowing along the string.
A new interesting phenomenon can be seen if we go beyond lowest order in e. Note that for q ′ = 0 there has to be a magnetic field A rθ = 0 trapped in the core of the string, since Eq. (56) has a source term of the form eσ 2 q ′ B θ . This source term corresponds to a solenoid-like current that wraps around the outer layers of the string core. Since the thickness of the condensate is of order (m σ )
∼δ, and the asymptotic value of B θ is given by (57), the magnetic flux of A µ trapped within the "solenoid" will be of order
where σ 0 ∼ λ −1/2 m σ is the magnitude of the condensate. Depending on the parameters, this flux can be quite large and have interesting consequences.
In particular, when two loops are linked it is not possible to have the circulation of A µ vanish along the loops, and a current will arise. This effect is of order e 2 /λ σ compared to the lowest order contribution (66), but can give the dominant effect if nq ′ /q is an integer (in which case we can set l = nq ′ /q), or if the self coupling λ σ is sufficiently small.
Fermionic Zero Modes on Linked Strings
The Dirac equations that we need to solve for the electron and d quark are of the general form:
where, D (q) µ = ∂ µ + iqZ µ and the bosonic background is given in (37). For the u quark, φ must be replaced by φ * and q − 1 by q + 1 in the second equation. For the neutrino we should set h = 0.
The Dirac equations (68) split up into equations in the transverse directions to the string and in the longitudinal direction. In what follows, we will only be considering the zero mode solutions to the transverse part of the Dirac equation as these are the low energy modes that live on the string and are the dominant new effect due to the string background. The other massive modes would also feel the string background but we expect the effects due to these modes to be smaller. A rigorous analysis, however, would have to take all the transverse modes, including the massive ones, into account.
To solve eqn. (68), we consider the ansatz
where, the superscript (0) denotes that the function is the one found on the straight string as described in sections 2 and 3 and n denotes the winding number of the two strings (assumed equal). The coordinates (t, r, θ, z) are cylindrical coordinates with the string locally along the z axis and we are confining our attention to the vicinity of a point on one of the strings. The functions ψ R should be normalized so that 69) is a solution provided E and p satisfy the dispersion relation:
where, the symbol ǫ i is defined below eqn. (46), Z z is given by (37) and ap has to be an integer for single-valuedness of the wavefunctions. So, in terms of ω ≡ aE and k ≡ ap ∈ Z, we have,
The crucial property of this equation is that, if there is an Aharanov-Bohm interaction between the Z−string and the fermion, ω k cannot be zero for any value of k since k is an integer. The energy of the fermions is found by summing over the negative frequencies -that is, the Dirac sea -and so the energy E is:
where, k F denotes the Fermi level -the value of k for the highest filled state. Therefore we need to sum a series of the type:
The sum is found using the zeta function regularization [18] :
With this result, the energy contribution from the fermions takes the form:
where, the index i is a label for the particular fermion in question. As the non-trivial term 5 in E i comes in the form of a square, the ground state can be found by minimizing E i with respect to k (i) F for each i. The result of this exercise is summarized in Table 1 where we give the charges, the Fermi levels k
F (for γ = sin 2 θ W close to 1/4) and the value of the minimum energy contribution for each fermion (ν L , e, d, u) from one family. (The other families contribute identically.) If we now also include the fact that the quarks come in 3 colours and that we have 2 loops that are linked, the total energy is:
Note that E i attains its maximum value of 1/12a if q i Z is integral and its minimum value of −1/24a if q i Z is half integral. When the loops are unlinked, we have q i Z = 0 and so the ground state energy of unlinked loops has to be larger than or equal to the ground state energy of linked loops. An explicit calculation along the lines used for linked loops (eqn. (78)) for two unlinked loops yields:
and so the difference of the unlinked and linked ground state energies is:
Inserting physical values γ = 0.23 and N F = 3, we get,
Note that in calculating the energy (78), (79) we have included the contribution from the neutrinos by using the formula (77). As the neutrino is massless and the zero mode state is only normalizable on imposing a cut-off, it is an open question if it is legitimate to ignore the contribution of the other neutrino modes besides the zero mode. This is a subtle issue which has been discussed in the context of 2+1 dimensions in the existing literature [19] . In the present context, we are considering closed string loops in 3+1 dimensions and the issue deserves further investigation. Here we will only remark that the question applies regardless of whether the loops are linked or not and so the issue has no bearing on the difference in energies between linked and unlinked loops given in (81).
The energy momentum for fermions can be found by varying the action with respect to the metric and is:
This leads to the result that the magnitude of the fermion momentum along the string is equal to the energy of the fermion -a result which could also be deduced by noting that the fermions are massless on the string. Now to find the total momentum, we should recall that the electron and d quark travel in one direction while the neutrino and u quark travel in the opposite direction.
Using this fact, we find that the magnitude of the angular momentum due to the fermionic ground state on one of the strings is:
when the linkage is one. In non-trivial but symmetric backgrounds, it is possible to define a generalized angular momentum operator for the fluctuations on top of the background. If we confine our attention to the case where we have a loop in the xy−plane and n straight infinite strings along the z−axis threading the circular loop, this system has rotational symmetry about the z−axis. The operator that annihilates the field configuration is the generalized angular momentum operator and is [20] 
S z is the spin operator, and, the isospin operator is given in terms of the U(1) (hypercharge) and SU(2) charges -q 1 and q 2 respectively -of the field in question:
The isopin operator acts via a commutator bracket on the gauge fields and by ordinary matrix multiplication on the Higgs field and fermion doublets. We are interested in the angular momentum of the fermions on the circular loop which lies entirely in the xy−plane. The fermions in the zero modes therefore have S z = 0. The action of L z is found by acting on the fermion wave-functions such as in (69) (remembering to let n → −n for the neutrino and up quark). The action of I z is found by using the charges of the fermions given in (13)- (17) . We then find:
where the k (i) are defined above eqn. (72). Now summing over states, as in the case of the energy, we find the total generalized angular momentum of the fermions on the circular loop:
Note that though the gauge fields do not enter explicitly in the generalized angular momentum, they do play a role in determining the angular momentum of the ground state through the values of the Fermi levels. If we now consider the case n = 1, and use the values of the Fermi levels from Table 1 , we find M = 0. We now calculate the electromagnetic and baryonic charges and currents on the linked loops. For this we must sum over the charges of each filled state. Since the states up to the state k
F are filled, we need to find a sum of the kind:
To regularize the divergence of the series, we write it as
Note that we have chosen to use the gauge invariant combination k − qZ rather than k or some other gauge non-invariant expression [9] . Now we can use the zeta function regularization to get:
With this result, we find the contribution to the charge due to fermion i:
The currents along the z direction are given byψγ z ψ where γ z is given in eqn. (29). This gives
Now we can evaluate the electric and baryon charges and currents for each of the fermions e, d and u. The results are exhibited in Table 1 . Finally we can find the total charges and currents on the linked strings by adding up the contributions of the leptons and quarks and also taking into account that the quarks come in 3 colours, that we have 2 loops and N F families. The arithmetic gives the electric charge:
the electric current along one of the strings:
the baryonic charge -in agreement with the results obtained by indirect methods [8] :
and the baryonic current along one of the strings:
It is interesting to work out the changes that occur when the strings have linkage greater than 1. We have considered the situation when a loop is threaded by n other loops. In this case, the charges q Z in Table 1 have to be multiplied by n and then this changes the Fermi levels. To analyze this situation, we begin by writing all the quantities of interest in terms of the K i for a single loop with N F set equal to 1 for convenience: where the K i are defined in general in eqn. (77). For the ground state, the Fermi levels are chosen to minimize the energy and then the K i can be written as:
where x = 2nγ/3 and {{y}} is the smallest (in magnitude) fractional part of y. (For example, for y = +0.2 and + 0.7, these are 0.2 and -0.3. For half-integral values of y, there is a sign ambiguity but this does not affect our results for the energy and angular momentum which are quadratic in K i . The charges and currents can depend on the choice of sign but only at isolated points. For irrational values of sin 2 θ W , x can never take on these values. To find {{y}} for negative y we can use the property {{−y}} = −{{y}}.)
It is easy to check that
and so we can restrict our attention to x ∈ (0, 1). In this interval, we can check that,
where, m is an integer and i = 0, 1, ..., m − 1. This general formula yields:
and so we need only calculate the quantities of interest in the interval (0, 1/2). Outside this range, we can write down the values of the quantities by using the symmetry in (111).
In Table 2 we show the expressions for the energy, angular momentum, charges and currents for one loop threaded by n strings in terms of x = 2nγ/3. Note that the angular momentum is non-vanishing only when the electric charge is non-zero, and as defined by Ω, does not come in half-integral units. This is of no concern because Ω does not include the angular momentum of the bosonic background and so can have any fractional value. On the other hand, the generalized angular momentum found in eqn. (89) is always halfintegral as can be seen, for example, by expanding out the right-hand side of (89). As shown in Table 2 , in the ground state, the baryon number of the single loop is given by nN F cos2θ W up to an additive integer. This is also what we expect from integrating out the anomaly equation [8] .
The energy of the fermionic ground state shows a complicated dependence on x as is demonstrated in Fig. 2 . By changing the linking number, we can change x in discrete steps and sample different points on the E(x) curve. Since E(x) does not have a monotonic dependence on x, the energy of strings that are linked n times bears no simple relation to those linked m times. In particular, the energy does not continue to decrease as we consider strings that have higher linkage. The lowest energy possible is when x = 1/4 but, if Table 2 : Expressions for the energy, angular momentum, charges and currents in terms of x = 2nγ/3. We have omitted the multiplicative factor N F in all the expressions for convenience.
x ∈ (0, 1/3) (1/3, 1/2) (1/2, 2/3) (2/3, 1)
γ is irrational, there will not be any value of the linkage for which x will be 1/4. (Though we can choose values of n for which x is arbitrarily close to 1/4). The curve in Fig. 2 has the interpretation of a potential for the quantity x and tells us which values of x are most favoured. In a physical situation, however, we should calculate the free energy which would be large for large linkage. This would remove the degeneracy between minima of different linkage and, for high enough string density, we would probably be left with two degenerate global minima -one occurring at some positive value of x and another at the negative of this value.
Conclusions
In this paper we have studied boson and fermion zero modes on linked string configurations including the case when the boson or fermion has an Aharanov-Bohm interaction with the string. From this analysis we can calculate the various charges on the linked strings. We confirm that the baryon number on linked loops of electroweak string is that found in Ref. [8] : 2N F cos(2θ W ). In addition, our direct calculations enable us to calculate the electric charge, electric current and electomagnetic current on the linked strings. The charge vanishes on singly linked unit winding string loops but the electric and baryonic currents are non-vanishing. For strings with higher linking numbers, the situation gets more complicated. While the energy of linked strings is always less than the energy of unlinked strings, the energy is not a monotonic function of the linking number and fluctuates as shown in Fig. 2 . In the bosonic case, we also find that the ground state of the linked configuration is current carrying.
We have found a "super-Bogomolnyi" limit in which the Dirac equations for the fermions can be reduced by one order to an algebraic equation. This is the limit when the scalar, vector and fermion masses are all equal and the charge of the left-handed fermion vanishes. Probably this limit and the result are related to a manifestation of supersymmetry but we are not aware of a discussion of this point in the literature.
Finally, we propose that there may be a gravitational analogue of the system of linked strings. This is because a particle moving in a conical space -such as produced by a cosmic string -has a gravitational Aharanov-Bohm interaction with the line source that produces the conical space. Then if we consider two circular line sources each of fixed radius a, the total source length in the absence of linkage is simply 4πa. But if the sources are linked, the gravitational Aharanov-Bohm effect reduces the total length of the sources to 2(2π − δ)a where δ is the conical deficit angle produced by the sources. So the linked sources have less length for the same radius as compared to the unlinked sources. This is the gravitational analogue of the result that the ground state of linked strings is lower than the ground state of unlinked strings.
Even though there are traveling wave solutions ("zero modes") on gravitating strings [21] , there does not seem to be any gravitational analogue of the currents that run along linked strings -at least, in the context of static, conical spaces in conventional general relativity. This is because there is nothing to distinguish one direction along the line source over the other. However, it may be that there are non-vanishing currents along the sources if the linked sources are spinning [22] . We feel that this system is worth exploring further. 
